Only few categories of free arrangements are known in which Terao's conjecture holds. One of such categories consists of 3-arrangements with unbalanced Ziegler restrictions. In this paper, we generalize this result to arbitrary dimensional arrangements in terms of flags by introducing unbalanced multiarrangements. For that purpose, we generalize several freeness criterions for simple arrangements, including Yoshinaga's freeness criterion, to unbalanced multiarrangements.
Introduction
In the theory of hyperplane arrangements, the freeness of an arrangement is one of the most important objects to study. Terao's conjecture asserting the dependence of the freeness only on the combinatorics is the longstanding open problem in this area. The recent approach to this problem, which gives a partial answer, is based on multiarrangements due to Yoshinaga's criterion in [18] , [19] , [8] and [1] .
One of the most appealing results in this approach is the combinatorial dependence of the freeness of a 3-arrangement with an unbalanced Ziegler restriction. Namely, let A be a 3-arrangement and (A H , m H ) the Ziegler restriction of A onto H ∈ A, which is defined by A H := {H ∩ H ′ | H ′ ∈ A \ {H}} and m H (X) := |A X \ {H}| for X ∈ A H . We say that (A H , m H ) is unbalanced if there is an X ∈ A H such that 2m H (X) ≥ |m H |. For an unbalanced 2-multiarrangement (A H , m H ), the exponents are of the form (m H (X), |m H | − m H (X)), which is determined by the combinatorics of (A H , m H ) (and also A). We say that A has an unbalanced Ziegler restriction if the Ziegler restriction of A onto one of H ∈ A is unbalanced. In conclusion, the freeness of such A depends only on L(A), i.e., such an A is free if and only if χ 0 (A; 0) = m H (X)(|m H | − m H (X)) by [18] . Hence it is a natural and interesting progression to question whether we can generalize this formulation to arrangements in an arbitrary dimensional vector space. It was unclear in the beginning as to how we should define an unbalanced multiarrangment in the vector space whose dimension is at least three. The first aim of this paper is to provide the definition of "unbalanced" multiarrangements in an arbitrary dimensional vector space. This definition is analogue to the one for 2-multiarrangements. (2) We say that (A, m) has a locally heavy hyperplane H 0 ∈ A with m 0 := m(H 0 ) if 2m 0 ≥ |m X | for all the localization (A X , m X ) with X ∈ A H 0 satisfying |A X | ≥ 3. Note that clearly the heavy hyperplane is also a locally heavy one. Definition 1.1 (3) is a very simple generalization of the classical Ziegler restriction introduced in [20] . In general, this definition does not work as well as it does for simple arrangements. However, if we focus on a locally heavy hyperplane, then this simply generalized Ziegler multiplicity coincides with the Euler multiplicity defined in [4] . Hence this restriction can be useful, as the following main result shows: 
Moreover, (A, m) is free if and only if the Euler-Ziegler restriction
(2) Let (A, m) have a locally heavy hyperplane H 0 ∈ A with m 0 := m(H 0 ).
Theorem 1.2 enables us to determine the freeness of an arbitrary unbalanced multiarrangement. The determination of the freeness of a given multiarrangement is far more difficult than that of a simple arrangement. There are only two ways to validate it: Ziegler's free restriction theorem in [20] , or the addition-deletion theorem in [5] . To apply the former, we need to find a free simple arrangement whose Ziegler restriction is the given one. To apply the latter, we need a free multiarrangement close to the given one and then increase/decrease multiplicities by applying the addition-deletion theorem in [5] . Theorem 1.2 enables us to check the freeness only by using the information of the given one under the heaviness assumption. Let us see how to apply it in the following example:
This has the heavy hyperplane H := {z = 0} by definition. We can easily compute both sides in Theorem 1.2 (1) as
Note that the Euler-Ziegler restriction of (A, m) onto H is free with exponents (7, 9) , see [17] for example. Hence (A, m) is free with exponents (7, 9, 16 ) by Theorem 1.2 (1) . In fact, the multiarrangement (A, m + kδ H ) is free when −7 ≤ k by Theorem 1.2 (2) . Let (B, m) be a multiarrangement defined by
Hence (B, m) is not free.
In particular, as an easy corollary, we have the following. 
where m * is the Euler multiplicity of (A, m) onto H and (A H , m H ) the multiZiegler restriction of ((A, m)) onto H.
We will show the above results by using a special derivation, which plays a similar role as the Euler derivation for unbalanced multiarrangements. In other words, we can apply several arguments valid for simple arrangements in [8] , [18] , [19] , [20] and so on to unbalanced multiarrangements with slight modifications. In this paper we include all the proofs based on them for the completeness.
With Theorem 1.2 we can prove the following theorem.
Let us call the flag in Theorem 1.7 a heavy flag. Then Theorem 1.7 immediately implies the following corollary which shows Terao's conjecture in the class of arrangements that admit a heavy flag: Corollary 1.8. Let HF ℓ be the set of hyperplane arrangements in V = K ℓ such that every A ∈ HF ℓ has a heavy flag. Then the freeness of A ∈ HF depends only on combinatorics. In this case, this flag gives both a supersolvable filatration and a divisional flag as in [1] .
Note that Terao showed in [15] for a 3-arrangement A with a heavy flag that (1.1) is equivalent to A being supersolvable. Together with [18] this implies Corollary 1.8 for the case ℓ = 3. Corollary 1.8 generalizes it to the case of arbitrary dimension.
Then, A has the heavy flag H := {w = 0} ∈ A, L := {w = z = 0} ∈ (A H , m H ) and The organization of this article is as follows. In §2 we introduce several results used for the proof of results in §1. In §3 we prove Theorem 1.2. In §4 and §5, we give several applications of our main result related to the freeness of simple arrangements and multiarrangements, and the combinatorial dependence of freeness. Lemma 3.2, Theorem 3.4 and Proposition 3.6 are the main results of the second author's bachelor degree thesis [10] , completed at the University of Kaiserslautern under the supervision of Mathias Schulze. Their proofs are provided in this paper for the completeness.
The equality holds if and only if A is supersolvable (hence free) with exponents
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Preliminaries
In this section we fix some notations and introduce some known results, which will be used later.
Let V be a vector space of dimension ℓ over a field K and S = S(V * ) be the symmetric algebra. We can choose coordinates x 1 , . . . , x ℓ for V * such that For an arrangement A the set of all non-empty intersections of elements of A is defined to be the intersection lattice L(A), i.e.,
It is ordered by reverse inclusion and ranked by the codimension. Denote by
For p ≥ 1, the S-module Der p (S) is the set of all alternating p-linear forms θ : S p → S such that θ is a K-derivation in each variable. For p = 0 one defines Der 0 (S) := S and one also writes Der(S) := Der 1 (S). Since Der(S) is a free Smodule, it holds that Der
It is denoted by pdeg θ = p. The logarithmic derivation modules of (A, m) are defined as 
One of the most important invariants of a (multi-) arrangement is its characteristic polynomial. It was first defined for simple arrangements combinatorially. We only use the following algebraic characterization, which is shown in [13] for simple arrangements and in [4] for multiarrangements. For a multiarrangement (A, m), we define a function in x and t.
where
is the Hilbert series of the graded S-module D p (A, m). Although ψ((A, m); x, t) is a priori a rational function with poles along x = 1, it is shown in [4, Theorem 2.5] (see also [13] ) that in fact ψ(A, m; x, t) is a polynomial in x and t, and we can define the following. 
Define the Betti numbers
Also in [4] , the following local-global formula is shown:
Let X ∈ L 2 (A). Since (A X , m X ) is an arrangement of rank two, it is free. We denote its exponents by (e 1 (X), e 2 (X), 0, . . . , 0). With the local-global formula, we can express b 1 (A, m) and b 2 (A, m) as follows:
Next, we review the addition-deletion theorem for multiarrangements. Let (A, m) be a multiarrangement and H 0 ∈ A a fixed hyperplane. The deletion (A ′ , m ′ ) of (A, m) with respect to H 0 is defined as follows:
(2) If m(H 0 ) ≥ 2, then A ′ := A and for H ∈ A ′ = A, we set
The restricted arrangement is defined by
is a rank 2 arrangement and we can choose a basis {ζ 1 , . . . , ζ ℓ−2 , θ X , ψ X } of D(A X , m X ) such that pdeg ζ i = 0, θ X ∈ α H 0 Der K (S) and θ X ∈ α H 0 Der K (S) as shown in [5] A, m) is free with exp(A, m) = (d 1 , ..., d ℓ−1 , d ℓ ) .
Next we introduce supersolvable arrangements, which are defined as follows.
Definition 2.7. An arrangement A is supersolvable if there exists a filtration
With Theorem 2.5 the following theorem is shown in [5] . 
The following theorems are fundamental in the study of freeness of simple arrangements. In the rest of this paper, we generalize these results to the setup of unbalanced multiarrangements. 
Moreover, A is free if and only if the above inequality is an equality, and (A
H 0 , m H 0 ) is free.
Proof of Theorem 1.2
The Ziegler restrictions of free simple arrangements are also free by Theorem 2.9. However, the multi-Ziegler restriction of a free multiarrangement is not necessarily free in general (e.g. see [10, Example 5.7] ). In the following, our first goal is to generalize Theorem 2.9 to free unbalanced multiarrangements.
The next Lemma was already shown in [20, Theorem 11] for the Ziegler restriction of a simple arrangement and p = 1. The proof transfers directly. We give it here for the completeness. 
particular, this gives well-defined restriction maps res
Proof. We may assume α H 0 = x 1 by choosing suitable coordinates. Let X ∈ A H 0 and set
Hence H 0 ∩ H i = X for all i = 1, ..., k. We may assume that the defining linear forms α i for H i are of the form
for i = 1, ..., k, α ′ ∈ H * 0 a linear form and suitable c i ∈ K which are pairwise distinct. In this situation, we have ker H 0 α ′ = X, i.e., α ′ is the defining equation
By definition of the derivation module, it holds for i = 1, ..., k,
is a divisor of δ(α ′ (x 2 , ..., x ℓ ), f 2 , . . . , f p ) for all i = 1, ..., k. This fact yields
Now, the restricting onto H 0 gives us
where S := S/Sx 1 and f i is the image of f i ∈ S under the canonical surjection S → S. Since f 2 , . . . , f p are chosen arbitrarily, it holds that
Next we introduce a particular type of derivation and show its existence for two special classes of multiarrangements. This derivation will play the role of the Euler derivation of a simple arrangement. 
The next theorem shows that an unbalanced free multiarrangement has such a good summand. Assume pdeg θ i < m 0 for all i = 1, ..., ℓ. Thus (3.1) implies θ i (x 1 ) = 0 for all i = 1, ..., ℓ. Therefore,
. . . . . .
However, with Theorem 2.2 we may assume
In particular, det M(θ 1 , ..., θ ℓ ) = 0, which is a contradiction to (3.2), and hence we may assume that θ 1 (x 1 ) = 0 with pdeg θ 1 ≥ m 0 . Theorem 2.2 further yields
Together with our assumption 2m 0 ≥ |m|, this yields pdeg θ i < m 0 for all i = 2, ..., ℓ. Thus (3.1) shows that θ i (x 1 ) = 0 for all i = 2, ..., ℓ, and θ 1 (x 1 ) = px
.., ℓ. Therefore, we obtain from Theorem 2.2
This shows already pdeg θ i = pdeg θ ′ i for i = 2, ..., ℓ and θ ′ 2 , . . . , θ ′ ℓ are independent over S/(x 1 ). By (3.5) we have
On the other hand, we obtain by (3.6) together with (3.7)
This inequality, together with (3.8), yields deg p = 0, which shows that θ 1 is a good summand to H 0 . By (3.4) it holds that
So Theorem 2.2 immediately implies that {θ
For general multiarrangements, we can show the following:
, where x 1 , . . . , x ℓ form a K-basis of V * and r = rank(A). We may assume that H 0 = X 1 and H ⊃ X r for all H ∈ A. By definition, for H ∈ A X i \ A X i−1 , α H can be chosen to be of the form
We can obtain a supersolvable arrangement B with a filtration B = B r ⊃ B r−1 ⊃ . . . ⊃ B 2 ⊃ B 1 such that A i ⊂ B i for i = 1, . . . , r by adding hyperplanes to the filtered pieces A i as follows: First set B r := A r . Now inductively define B i (i = r − 1, . . . , 2) to be A i with the additional hyperplanes
, where H, H ′ ∈ B i+1 \ A i are distinct hyperplanes. Finally, set B 1 := A 1 and the arrangement B is supersolvable by Definition 2.7. Now choose a multiplicity m B on B such that m B (H) ≥ m(H) for any H ∈ A, the hyperplane H 0 is heavy in (B, m B ) , and (B, m B ) satisfies the assumptions of Theorem 2.8 as follows. First, we note that, for any distinct hyperplanes The proof of Theorem 3.8 is similar to the one for simple arrangements in Proposition 4.4, 5.4 and 5.5 in [13] by replacing the role played by the Euler derivation by the derivation with respect to the good summand. We give it here for the completeness.
Proof. Let α be the defining equation of the fixed hyperplane H 0 . By definition of
. . , f p ) for δ ∈ Der p (S) and f i ∈ S. Thus, this map ∂ is homogeneous of degree −m 0 with
Now we use the good summand θ 0 to show that this complex is acyclic. Let δ ∈ D p (A, m) be a cycle, i.e., ∂δ = 0. By the definition of D p (A, m) we know that θ 0 ∧ δ ∈ D p+1 (A, m) which yields with the above skew-commutativity
Hence, δ is a boundary and the complex (3. In the situation of a multiarrangement with a good summand we can show the following.
Lemma 3.9. Let (A, m) be a multiarrangement with a good summand with respect to H 0 ∈ A and χ 0 (A, m; t) the reduced characteristic polynomial. Then it holds that
Proof. By definition, χ(A, m; t) is of the form
Since χ(A, m; t) = (t−m 0 )χ 0 (A, m; t), comparing coefficients completes the proof.
The combination of the above results yields a result linking the freeness of an unbalanced multiarrangement with the freeness of its Euler-Ziegler restriction, which was first proved by Ziegler in [20] for simple arrangements and its Ziegler restriction. 
Proof. Proposition 3.5 enables us to choose k > 0 such that (A, m + kδ H 0 ) has a good summand to H 0 . By Proposition 3.6 (A, m) is free if and only if (A, will show that (A, m) is locally free along H 0 , which implies that (A, m) is free5 Multi-freeness and supersolvability
In this section we study the relation between the freeness of multiarrangements (A, m) and the geometry of the underlying simple arrangement A. For example, if any multiplicity on A is free, then A is known to be the product of one and twodimensional simple arrangements ( [6] ). Hence freeness affects the geometry of the simple arrangement on which multiplicities are. Here, by using the results of the previous sections, we show a similar result in a wider category of free arrangements. , which is a contradiciton. Thus j < i in this situation, which shows that the given filtation is a supersolvable filtration.
As a corollary, we can relate the non-supersolvability with non-freeness and heavy flags. The Euler restriction of a simple free arrangement is not necessarily free shown by Edelman and Reiner in [9] . However, in our setting we can show the following. 
